This work is concerned with the existence and multiplicity of solutions for the following class of quasilinear problems
Introduction
In this paper, we study the existence of multiple solutions for the following class of quasilinear problems
where Ω λ = λΩ, Ω ⊂ R N is a smooth bounded domain, N ≥ 2, λ is a positive parameter and ∆ Φ u = div(φ(|∇u|)∇u), where Φ(t) = |t| 0 φ(s)ds, is the Φ−Laplacian. We would like to detach that this type of operator appears in a lot of physical applications, such as: Nonlinear Elasticity: Φ(t) = (1 + t 2 ) α − 1, α ∈ (1, We say that Φ ∈ C m if Φ(t) ≥ |t| m , ∀t ∈ R.
Moreover, we denote by γ the following real number
Here, we would like to mention that the functions φ associated with each N-function cited in this introduction, fulfill the conditions (φ 1 )-(φ 5 ).
Related to the function f : R → R, we assume that it is a C 1 − function which satisfies the following conditions:
( There exists θ > m such that ( f 2 ) 0 < θF(t) = θ t 0 f (s)ds ≤ t f (t), ∀t ∈ R \ {0}. 
where Φ * is the Sobolev conjugate function, which is defined by inverse function of
Hereafter, we use variational methods to get multiplicity of positive solutions for (P λ ), where the main idea is looking for critical points of the energy functional I λ : W 1,Φ 0 (Ω λ ) → R given by:
Using standard arguments, we know that
Hence, critical points of I λ are weak solutions of (P λ ). Hereafter, we denote by c λ the mountain pass level of I λ and by M λ the set
which is the Nehari manifold associated with I λ .
In the literature there are some works where the authors showed multiplicity of solutions for some related problems to (P λ ) by using of Lusternick-Schnirelman category of Ω in itself, denoted by cat(Ω), see for example for the case φ(t) = 1, Benci & Cerami [7, 8, 9] , Clap & Ding [11] , Rey [23] and Bahri & Coron [6] . For φ(t) = |t| p−2 , with p ≥ 2, we cite the papers by Alves [2] , Alves & Ding [5] and references therein. Moreover, the reader can find in [15] , [16] , [17] , [19] , [20] , [21] , [22] , [24] and [25] recent results for some related problems to (P λ ) for λ = 1.
We would like to point out that if Y is a closed subset of a topological space X, the Lusternik-Schnirelman category cat X (Y) is the least number of closed and contractible sets in X which cover Y. If X = Y, we will use the notation cat(X).
Motivated by results found in [2] and [7] , in the present paper we have proved that the main results obtained in the mentioned papers also hold for a large class of Φ−Laplacian operators, for example our main result can be used to prove multiple solutions for the following quasilinear problems:
Our main result is the following
The plan of the paper is as follows: In Section 2, we will fix some notations about Orlicz-Sobolev spaces and prove a compactness result for the energy functional associated with limit problem, see Theorem 2.2. In Section 3, we study the behavior of some minimax levels and prove our main result.
Notation:
In this paper, we use the following notations:
• The usual norm in W 1,Φ (R N ) will be denoted by .
• C denotes (possible different) any positive constant.
• B R (z) denotes the open ball with center z and radius R in R N .
• Since we are interested by finding positive solutions, we assume that
Preliminary results and notations
In this section, we recall some properties of Orlicz-Sobolev spaces and show an important result of compactness for a special energy functional, which will be defined in Subsection 2.2.
Basics on Orlicz-Sobolev spaces
In this subsection, we recall some properties of Orlicz and Orlicz-Sobolev spaces. We refer to [1, 10, 15, 24] for the fundamental properties of these spaces. First of all, we recall that a continuous function Φ :
We say that a N-function Φ verifies the ∆ 2 -condition, denote by Φ ∈ ∆ 2 , if
In what follows, fixed an open set A ⊂ R N and a N-function Φ, we define the Orlicz space associated with Φ as
The space L Φ (A) is a Banach space endowed with the Luxemburg norm given by
The complementary function Φ associated with Φ is given by the Legendre's transformation, that is,
The functions Φ and Φ are complementary each other. In [15, 24] , we find that Φ, Φ ∈ ∆ 2 if, and only if, (φ 2 ) holds.
Moreover, we also have a Young type inequality given by
Using the above inequality, it is possible to prove a Hölder type inequality, that is,
The corresponding Orlicz-Sobolev space is defined as 
In the literature, we have some important embeddings related to the Orlicz-Sobolev spaces.
In [1, 13] , it has been shown that if B is a N-function with
is continuous. If A is a bounded domain, the embedding is compact.
A compactness result for the limit problem
From now on, we denote by I ∞ : W 1,Φ (R N ) → R the functional given by
Using standard arguments, it is easy to prove that critical points of I ∞ are weak solutions of the quasilinear problem
which is called limit problem associated with (P λ ).
In [3] , Alves and da Silva have proved that the above problem has a ground state solution w ∈ W 1,Φ (R N ), that is, a solution which satisfies
where c ∞ is the mountain pass level associated with I ∞ . Moreover, we also have
where
Next, we will prove an important result of compactness associated with functional I ∞ .
Theorem 2.1. (Compactness theorem on Nehari manifold) Let
Proof. To begin with, we claim that (u n ) is bounded in
for some positive constant M and
is a reflexive space there exists a subsequence of (u n ), still denoted by (u n ), and u ∈ W 1,Φ (R N ) such that
By Ekeland's Variational Principal, we can assume that (u n ) satisfies
where γ n is a real number and E ∞ (w) = I ′ ∞ (w)w, ∀w ∈ W 1,Φ (R N ). Using that u n ∈ M ∞ together with (φ 3 ) and ( f 2 ), there exists δ > 0 such that:
Since (u n ) is bounded and ||u n || −→ 0, by [4, Theoreme 1.3] there is (z n ) ⊂ R N such that u n (x) = u n (x + z n ) is bounded in W 1,Φ (R N ) and u n ⇀ u in W 1,Φ (R N ) with u 0. Therefore, there exists a measurable subset A ⊂ R N with positive measure, such that u > 0 a.e. in A.
Supposing by contradiction that
a simple change of variable in (2.1), the condition ( f 4 ) and the Fatou's Lemma combine to give
which is a contradiction. Thus, there exists δ > 0 such that
As I ′ ∞ (u n )u n = o n (1), we assure that γ n E ′ ∞ (u n )u n = o n (1), which yields γ n = o n (1), and so,
Next, we will study the following situations: u 0 and u = 0. Case 1: u 0. From [4, Lemma 4.3] , for some subsequence,
Using the limit I ′ ∞ (u n )u → 0, we see that I ′ ∞ (u)u = 0, from where it follows that u ∈ M ∞ . Consequently,
Now, by Fatou's lemma,
The above limit combined with ∆ 2 −condition gives
Case 2: u = 0. In this case, we claim that there are R, η > 0 and (y n ) ⊂ R N which satisfy lim sup
If this is not true, we must have
The above limit together with ( f 1 ) implies that R N f (u n )u n dx → 0. As u n ∈ M ∞ , we obtain that
Then by (φ 2 ), we derive that I ∞ (u n ) → 0 in W 1,Φ (R N ), which is an absurd, because
Using the same arguments of Case 1,
Next, we will show that |y n | → ∞. If this does not hold, (y n ) is bounded in R N for some subsequence, and there exists R ′ > 0 such that B R (y n ) ⊂ B R ′ (0). Hence )), which contradicts the last inequality.
The next two results are related to the functional I λ and they will be used later on.
Proposition 2.2. The functional I λ satisfies the Palais-Smale condition on
then there exists a subsequence, still denoted by (u n ) which is strongly convergent in W Proof. Repeating the same arguments explored in the proof of Theorem 2.1 , we can assume that (u n ) is a (PS ) c sequence for I λ , that is,
Now, as Ω λ is bounded, the same type of arguments found in [4, Section 4] guarantee that I λ verifies the (PS ) condition, and the proof is complete.
The next proposition shows that critical points of I λ on M λ are critical point of I λ in W Proof. Suppose that u ∈ M λ is a critical point of I λ on M λ . Then u 0 and there exists γ ∈ R such that I
Then, γ = 0 and I ′ λ (u) = 0, from where it follows that u is a critical point of I λ . By [18] and [25] , we deduce that u ∈ C 1,α (Ω λ ) for some α ∈ (0, 1). Since we are supposing f (t) = 0 for t ≤ 0, we have that I ′ (u)u − = 0, where u − = min{u, 0}. As
the condition (φ 2 ) yields u − = 0, then u(x) ≥ 0 for all x ∈ Ω λ . Now, the positiveness of u follows from [26, Theorem 1.1]( see also [3] ).
Behavior of minimax levels
This section is concerned with the study of the behavior of some minimax levels which are crucial in our approach. To do this, we need to fix some notations and definitions.
In what follows, we assume without loss of generality that 0 ∈ Ω. Furthermore, we fix a real number r > 0 such that the sets Ω + and Ω − given by
and
are homotopically equivalent to Ω. Moreover, for each x ∈ R N and R > r > 0, we define
Hereafter, we denote by A R,r the set A R,r,0 . For each u ∈ W 1,Φ (R N ) with compact support, we consider
and for each x ∈ R N , we set a(R, r, λ, x) by Then there exists λ n → ∞ and u n ∈ M λ n such that
By Theorem 2.1,
is a positive function with
As I ∞ is rotationally invariant, we can assume that y n = (y 1 n , 0, 0, . . . , 0) and y
In the sequel, we consider the two following sets:
From this,
Since β(u n ) = 0, we know that
From the definition of Γ n ,
On another side, if x ∈ Θ n , then x ∈ B rλ n /2 (y n ) and x B rλ n (0). Hence,
from where it follows that
The above inequality together with
2 . This combine with (3.2) to give
Thereby, (3.5), (3.6) and (3.4) lead to
or equivalently,
In what follows, let us denote by b λ the mountain pass level of the energy functional
where B λr = λB r (0) and by M λ,B the Nehari manifold related to the I λ,B given by
Repeating the same arguments explored in [3] , it is possible to prove that
The next result will be used to study the behavior of barycenter of some sequences, which will appear in the proof of Proposition 3.3 below. Proof. We will prove only the first limit, because the second one follows with the same
. For each R > 0, let us consider the function h R (x) = h(x/R) and w R (x) = h R (x)w(x), where w is a ground state solution of (P ∞ ). Since 0 ∈ Ω, there exists λ ⋆ > 0 such that
Taking the limit when λ → ∞, we obtain lim sup λ→∞ c λ ≤ I ∞ (t R w R ).
Claim 1: lim
By definition of t R ,
Now, gathering (φ 2 ) and [4, lemma 2.3], we derive that
and so
Using the above information, we are able to prove that (t R ) is bounded. In fact, if there exists R n → ∞ with t R n → ∞, we ensure that
Thereby, by ( f 2 ),
which is an absurd, because ||w R n || → ||w|| in W 1,Φ (R N ). Then (t R ) is bounded. Now, we will show that there is no R n → +∞ such that n→∞ t R n −→ 0. Indeed, from [3, lemma 4.1], as t R n w R n ∈ M λ , there exists α > 0 such that ||t R n w R n || ≥ α, ∀n ∈ N and then t R n > α ||w R n .
Since ||w R n || → ||w||, we conclude that lim inf n→+∞ t R n > 0.
Therefore, there exist R 0 , δ > 0 such that t R > δ for R ≥ R 0 . Fixing R n → +∞ with t R n → t 0 , it follows from (3.8)
By (φ 3 ) and ( f 3 ), it is easy to check that t 0 = 1. Consequently, The proposition below is crucial to apply the Lusternik -Schnirelman Theory.
Proposition 3.3.
There exists λ > 0 such that :
Proof. Assume by contradiction that the lemma does not occur. Then, there exist λ n → +∞, u n ∈ M λ n and I λ n (u n ) ≤ b λ n such that
In fact, for y ∈ Ω λ n ,
Then, |x n − y| ≤ Rλ n . (3.14)
which shows (3.13).
By using of the definition of a(R, r, λ n , x n ) and the fact that a(R, r, λ n , Proof of Theorem 1.1 First of all, let us recall that I λ satisfies the Palais-Smale condition on M λ . Thus, by applying of Lusternik -Schnirelman Theory and Proposition 3.5, we assure that I λ on M λ has at least cat(Ω) critical points whose energy is less than b λ for λ ≥ λ.
